A map satisfying (1) but not necessarily (2) is called a quasi-isometric embedding. The fundamental group Γ = π 1 (M ) (endowed with the word metric) of a compact Riemannian manifold M is quasi-isometric to the universal cover X = M . This holds more generally for groups Γ acting properly discontinuously and cocompactly by isometries on proper geodesic metric spaces X . In particular all uniform lattices in a given Lie group G are quasi-isometric to G , hence to each other.
Two quasi-isometries are considered equivalent if they are a bounded distance from each other in the sup norm. Two lattices Λ 1 , Λ 2 in a Lie group G are commensurable if [Λ 2 : gΛ 1 g −1 ∩ Λ 2 ] < ∞ for some element g ∈ G , which is said to commensurate the lattices. Commensurable lattices are clearly quasiisometric.
The following two theorems comprise what we mean by "quasi-isometry classification" of irreducible lattices in semisimple Lie groups among all finitely generated groups. Though many different results are needed to prove these theorems (see below), the main pieces dealing directly with quasi-isometries are essentially due to Pansu [Pa] , Schwartz [S1, S2] , Farb-Schwartz [FS] , Kleiner-Leeb [KL] , , and Eskin [E] .
Theorem I. [Rigidity of the class of lattices] Let Γ be any finitely generated group. If Γ is quasi-isometric to an irreducible lattice Λ in a semisimple
Lie group G , then Γ is almost a lattice in G : that is, there is a lattice Λ in G and a finite group F so that
is exact.
Theorem II. [Classification among lattices] The quasi-isometry classes of irreducible lattices in semisimple Lie groups are precisely:
• One quasi-isometry class for each semsimple Lie group G , consisting of the uniform lattices in G .
• One quasi-isometry class for each commensurability class of irreducible, nonuniform lattice, except in G = SL 2 (R) , where there is precisely one quasi-isometry class of nonuniform lattice.
Remark. Theorems I and II in the case of uniform lattices were announced by Kleiner-Leeb in 1994 , and a proof of Theorem II in this case is given in [KL] . They have extended the uniform case of Theorem I to include products with simply connected nilpotent Lie groups. However, the quasi-isometry classification of nilpotent Lie groups remains a major open question.
Remarks.
(1) Uniform lattices in the same Lie group are quasi-isometric, but often not commensurable. For example one can take uniform lattices whose covolumes are not rationally related (see Chapter 7 of [Th] for hyperbolic 3-manifold examples). (2) The previous comment is in marked contrast to the nonuniform case, where nonuniform lattices in G = SL 2 (R) are never quasi-isometric unless they are commensurable. In fact, any quasi-isometry of a nonuniform lattice Λ in G = SL 2 (R) is equivalent to a commensurator of Λ in G . This phenomenon for nonuniform lattices was first discovered by R. Schwartz, in the case of hyperbolic spaces. (3) Theorems I and II together show that a fixed, nonuniform lattice Λ in G is characterized among all finitely generated groups by its quasiisometry type: if Γ is any finite generated group quasi-isometric to Λ , then Γ itself is (an extension of a finite group by) a nonuniform lattice Λ in G commensurable with Λ . The proofs of Theorems I and II are given in §3. The proofs divide into many cases because, as we will see, there are several fundamentally different types of behavior exhibited by different types of lattices. Such behavior can in fact be used to give some qualitative criteria for when certain lattices are "more rigid" than others.
Uniform vs. nonuniform. Unlike uniform lattices, nonuniform lattices Γ in G are not quasi-isometric to the symmetric space X = G/K since they do not act cocompactly on X . But consider the following construction: chop off every cusp of the quotient Γ\X and look at the lifts of each cusp to X , giving a Γ -equivariant union of horoballs in X . These horoballs can be made disjoint by cutting the cusp far enough out precisely when Γ is so-called Q -rank one (e.g., when X is a hyperbolic or any R -rank one symmetric space, or a product of rank one symmetric spaces). Denote by Ω Γ the symmetric space X with these horoballs deleted, endowed with the path metric. One can also describe Ω Γ as the Γ -orbit of a lift of any compact, connected subset of Γ\X . Now Γ acts properly discontinuously and cocompactly by isometries on Ω Γ , giving a quasi-isometry of Γ with this "neutered space" Ω Γ .
Thus the geometry of Γ lies in the geometry of the associated pattern of deleted horoballs, as well as the symmetric space X . It is the more complicated geometry of Ω Γ which allows for the much stronger rigidity of nonuniform lattices.
Historical Remarks. As early as 1982, Gromov pointed out in [Gr1] that the Sullivan-Tukia theorem [Tu1] on uniformly quasiconformal groups implies Theorem I for G = SO(n, 1) ; this was proved by Cannon-Cooper in [CC] (see Proposition 3.1 below).
The next advance came in Pansu's 1989 paper [Pa] , where he proved that every quasi-isometry of quaternionic hyperbolic space of dimension at least two (or of the Cayley hyperbolic plane) is a bounded distance from an isometry, implying Theorem I for uniform lattices Λ acting on these spaces (see Proposition 3.1 below). The idea behind Pansu's Theorem is as follows: as Mostow showed, a quasi-isometry f of one of these hyperbolic spaces X induces a map ∂f on the sphere at infinity which is quasiconformal in an appropriate (Heisenberg) sense. A regularity theorem shows that such a map on a sphere is "Heisenberg differentiable" almost everywhere 2 . The differential D(∂f ) gives an automorphism of N . Unlike in the real and complex hyperbolic cases, for these Heisenberg groups the automorphism D(∂f ) , which is a priori only real-linear, must automatically be quaternionic-linear, so that ∂f is conformal almost everywhere, and so may be extended back into X as an isometry which is a bounded distance from f .
Though not on lattices in semisimple groups, E. Rieffel's paper [Ri] on uniform lattices in Isom(H 2 × R) should also be mentioned.
The first breakthrough in understanding quasi-isometries of nonuniform lattices came with R. Schwartz's 1993 paper [S1] on nonuniform lattices acting on the hyperbolic spaces. He shows that every quasi-isometry of such a lattice is equivalent to a commensurator. The first step uses negative curvature to show that a quasi-isometry q of a neutered space Ω Λ automatically preserves the collection of horosphere boundary components of Ω Λ . Schwartz then extends q to a quasi-isometry of the hyperbolic space, and uses an "inversion trick" to show the boundary map is conformal.
For lattices in G with rank(G) > 1 new ideas were needed because the curvature of the symmetric space X = G/K is no longer negative, and the associated boundary theory is combinatorial rather than analytic in nature.
The first result for lattices in higher rank groups was by Farb-Schwartz in [FS] , who proved every quasi-isometry is equivalent to a commensurator for the classical Hilbert modular groups
, which are nonuniform lattices in a product of hyperbolic planes. Here coarse metrical versions of theorems from algebraic topology, such as Alexander Duality and the Jordan Separation Theorem, were developed and used to show that a quasi-isometry of Ω Γ d permutes the components of ∂Ω Γ d . To replace the usual equivariance assumption of Mostow Rigidity, the idea of a shadow was introduced. Shadows are patterns of geometrically defined objects associated to a Hilbert Modular group Γ d , and are automatically preserved by a quasi-isometry. It is the pattern of shadows that allows for reconstruction of the algebraic structure of Γ d . The coarse topology above, together with a striking result about the rigidity of semisimple abelian group actions on Z n (which Schwartz calls "Action Rigidity"), generalizes this to SL 2 (O) , where O is the ring of integers in a number field.
The next advance was by Kleiner-Leeb [KL] , who used Gromov's asymptotic cone construction Con(X) to show that any quasi-isometry q of an irreducible symmetric space X of rank at least two is equivalent to an isometry, a fact which was conjectured by Margulis in the mid 1970's. The idea is that q induces a bilipshitz homeomorphism of Con(X) , which is a certain (nondiscrete) Euclidean building. They then show that any homeomorphism of such a building must be a homothety. A scaling argument allows them to transfer this information back to X , and together with ideas from Mostow's proof, shows that such a map on Con(X) can only come from (up to a bounded amount) an isometry. They also use this method to show that a quasi-isometry of any noncompact globally symmetric space must preserve irreducible factors.
A different, and effective, proof of Margulis's conjecture was then given by . In this paper, geometric and coarse topological methods were used to show that any quasi-flat in X , i.e. a quasi-isometric embedding φ : R rank(X) → X , lies in a bounded neighborhood of a finite union of maximal flats in X 3 , generalizing the fact that a quasigeodesic in a hyperbolic space lies a bounded distance from a geodesic. We note that if rank(X) > 1 , then there are quasi-flats in X which do not lie in a bounded neighborhood of a single flat. The quasi-flats theorem, together with some ideas from Mostow's proof [Mo1] , implies that every quasi-isometry of X is equivalent to an isometry.
The result on quasi-flats proved in [EF1] actually holds with much weaker hypotheses: the map φ need not be defined on a collection of "holes" of measure proportional to their distance to the origin. In [E] , Eskin applies this fact in his proof that every quasi-isometry is a commensurator for nonuniform lattices Λ in higher rank symmetric spaces. Using Moore ergodicity and basic ergodic theory, he shows that almost all flats in X have the property that they leave the neutered space Ω Λ precisely in the type of holes mentioned above. A theorem of Lubotzky-Mozes-Raghunathan says that Ω Λ → X is a quasi-isometry, so he can apply the "quasi-flats with holes" theorem to (nearly) obtain an automorphism on the Tits boundary of X . With more work the proof is completed.
Finally, we would like to mention that several of the themes and techniques in the above work have been extended beyond the realm of lattices in Lie groups (see [FM1, FM2, KaL1, KaL2] , for example), although many new phenomena also occur.
Quasi-isometry groups
For any metric space X , one can form the group QI(X) of all self quasiisometries of X modulo those that are equivalent to the identity. Inverses in QI(X) exist because quasi-isometries have coarse inverses.
It is easy to check that QI(X) has the structure of a topological group in the compact-open (= uniform convergence on compacta) topology. For finitely generated groups Γ endowed with the word metric, the group QI(Γ) is independent of the choice of generators for Γ . More generally, a quasi-isometry
Much of the work in proving Theorems I and II comes from computing quasiisometry groups of lattices. We will often implicitly use the fact that a uniform lattice Λ in G is quasi-isometric to both G and to the symmetric space X = G/K . We now list the computations of the quasi-isometry groups of irreducible lattices in semisimple Lie groups. For details of the proofs of the theorems quoted below, we refer the reader to the original papers.
Uniform lattices.
For a uniform lattice Λ acting on the symmetric space X , the quasi-isometry group QI(Λ) is clearly isomorphic to QI(X) , so it suffices to compute the latter group.
• Real and complex hyperbolic spaces. For n > 1 , the quasi-isometry group of X = RH n+1 or X = CH n is precisely the (Carnot) quasiconformal group of the sphere at infinity ∂X . Mostow [Mo2] (see also [GP] ) showed that every quasi-isometry of X induces a quasiconformal homeomorphism of ∂X , and that two quasi-isometries of X are equivalent if and only if they induce the same map on ∂X . Tukia ( X = RH n ) and Koranyi-Reimann ( X = CH n ) showed (see [Tu4, KR] ) that every (Heisenberg) quasiconformal map f * : ∂X → ∂X may be extended to a quasi-isometry f : X → X as follows: first define a map p from the space of distinct triples in ∂X into X by defining p (a, b, c) to be the closest point (i.e. orthogonal) projection of c onto the geodesic from a to b . Now given x ∈ X , let (a, b, c) be any triple with p(a, b, c) = x , and define
. One then checks that a different choice of (a, b, c) with p(a, b, c) = x changes f only by a bounded amount, and that f is indeed a quasi-isometry. Hence the quasi-isometry group QI(X) is isomorphic to the group of (Heisenberg) quasiconformal homeomorphisms of ∂X . In the case of H 2 , the quasi-isometry group is the quasi-symmetric group of the circle at infinity, although we will not need this fact.
• Quaternionic hyperbolic spaces and the Cayley hyperbolic plane. As mentioned above, Pansu [Pa] proved that
. In this way these spaces are much more rigid than their real and complex counterparts, and behave more like irreducible, higher rank symmetric spaces.
• Irreducible, higher rank symmetric spaces of noncompact type. In this case Kleiner-Leeb [KL] , and later by a different method, showed that QI(X) ≈ Isom(X) .
• Products of symmetric spaces. Kleiner-Leeb [KL] show that a quasiisometry of a product of irreducible symmetric spaces of noncompact type X 1 × · · · × X n is equivalent to a product of quasi-isometries of the factors, that is QI(
Nonuniform lattices.
In this section we summarize the proof of the following:
Theorem 2.1. (Quasi-isometries are commensurators) Let Λ be an irreducible, nonuniform lattice in a semisimple Lie group G = SL 2 (R) . Then every quasi-isometry of Λ is equivalent to a commensurator.
The proof of this theorem requires a verbatim application of tools from various papers. These tools are due to Schwartz [S1, S2], Farb-Schwartz [FS] , and Eskin [E] . Let X = G/K denote the symmetric space associated to G .
• G has no rank one factors. This is Theorem 0.1 of [E] .
• G is rank one. This is the main theorem of [S1] .
• G is a product of rank one factors, containing at least one SL 2 (R) factor. The case of SL 2 (O d ) , where O d is the ring of integers in a totally real, degree two extension of Q , is the main theorem of [FS] . The case of SL 2 (O) , O the ring of integers of a number field, is the main theorem of [S2] . In general one applies the Boundary Detection Theorem in [FS] or [S2] and then the Action Rigidity Theorem of [S2] .
• G is a product of rank one groups with no SL 2 (R) factors. By [E] , any quasi-isometry f : Λ → Λ extends to a factor-preserving quasiisometryf : X → X . By the Boundary Detection Theorem of [FS, S2] , f preserves the collection of horospherical boundary components of the neutered space associated to Λ . Now apply the zooming argument of [FS] , which gives thatf , when restricted to each factor of X , has linear boundary values. Since G has no SL 2 (R) factor, we may apply the Inversion Trick of [S1] factor by factor to give thatf is a bounded distance from an isometry of X . Lemma 8.1 of [E] (due to N. Shah) then gives that f is equivalent to a commensurator.
• G is a product with at least one rank one factor and at least one simple factor G 1 of rank at least two. As in the previous case, a quasi-isometry f : Λ → Λ extends to a factor-preserving quasi-isometryf : X → X , where X is the symmetric space for G . Let X = Y × Z be the factorization of X into a product of symmetric spaces, where Z is the (irreducible) symmetric space for G 1 . Letf = g×h be the factorization off as a product of quasi-isometries g of Y and h of Z . By [KL] or [EF1] , h is (equivalent to) an isometry. Now Λ is obtained from restriction of scalars from some absolutely simple group defined over a number field K . Let B be the Borel subgroup of G . Then Λ acts on the K -points (a dense subset) of the boundary G/B with finitely many orbits -this is essentially finiteness of cusps.
Since G has at least one rank one factor, we know that Λ has Qrank one. So by the Boundary Detection Theorem in [FS] or [S2] ,f preserves the set of horospherical boundary components of the neutered space associated to Λ . Hence ∂f preserves K -points on the boundary. One can conclude that the isometry h is defined over K , and so by composingf by a commensurator of Λ we can assume h is the identity. But Λ is irreducible, and ∂g × ∂h = ∂g × Id is uniformly continuous by [E] . Hence ∂g is the identity on a dense set of points, hence everywhere, so thatf = g × h is equivalent to the identity (after having composed with a commensurator).
Proof of Theorems I and II

A rigidity condition.
The following is a (now standard) principle due essentially to Cannon-Cooper [CC] , and was also indicated by Gromov [Gr1] . For simplicity of notation we call a map f a K -quasi-isometry if each of the three constants K, C, C in the definition of quasi-isometry is at most K . A group H < QI(X) is a uniform group of quasi-isometries of X if there exists K ≥ 1 so that each f ∈ H is a K -quasi-isometry.
Proposition 3.1. (QI rigidity condition) Let X be a proper geodesic metric space, and let G = Isom(X) . Suppose Γ is a finitely generated group which is quasi-isometric to X . Then there is a homomorphism Ψ : Γ → QI(X) with finite kernel and with Ψ(Γ)\X compact.
If further Ψ(Γ) is conjugate into G (for example if QI(X) = G ), then Γ almost admits a geometric action on X : there is a finite group F and a finitely generated group Λ acting cocompactly, properly discontinuously by isometries on
and quasi-isometries a bounded distance from each other are identified in QI(X) . First note that Ψ(Γ) acts cocompactly on
Now pick a basepoint x ∈ X . Since Ψ(g) was defined via the conjugated action of Γ , and f is a quasi-isometry, and by the uniformity of everything involved, there is a constant C > 0 so that d X (x, Ψ(g) · x) ≤ C for only finitely many g ∈ Γ ; in particular this distance is 0 for only finitely many g ∈ Γ . From this it follows that Ψ has finite kernel and the action of Ψ(Γ) on X is properly discontinuous.
If qΨ(Γ)q −1 ⊂ G for some q ∈ QI(X) , then the final conclusion clearly holds with Λ = qΨ(Γ)q −1 .
Proof of Theorem I.
The proof falls into several cases, depending on what kind of lattice Λ is. The main aspects of most parts of the proof are the computations presented in §3.1.
• Λ is uniform and G = Isom(H 2 ) . A group Γ of homeomorphisms of S 1 is a convergence group if, for all sequences {g i } of elements g i ∈ Γ , there exist x, y ∈ S 1 and a subsequence {g i k } so that g i k → y and g
\{x, y} . The convergence groups conjecture, proved by Casson-Jungreis [CJ] and Gabai [Ga] completing important earlier work of Tukia [Tu2] , says that any convergence group is conjugate in Homeo(S 1 ) to a Fuchsian group. Now Mess [Me] shows that any group Γ quasi-isometric to H 2 acts on S 1 with finite kernel, properly discontinuously and cocompactly on the space of distinct triples, and so is a convergence group. Alternatively, since Γ is quasi-isometric to H 2 , Γ is a word-hyperbolic group with boundary homeomorphic to S 1 . Word-hyperbolic groups act on their boundaries as convergence groups ( [Fr, Tu3] ), hence they are conjugate to Fuchsian groups.
• Λ is uniform and G = Isom(H n ), n > 2 or G = Isom(CH n ), n > 1 . Here the quasi-isometry group is precisely the (Carnot) quasi-conformal group of the sphere at infinity. In the real case, Sullivan [Su] ( n = 3 ) showed that any uniformly quasiconformal group H on S n−1 is quasiconformally conjugate to a Möbius group, i.e. subgroup of G . This is generally not true for n > 3 4 . However, for n ≥ 3 , Tukia [Tu1] proved that if in addition the natural action of H on the space of triples of distinct points of S n−1 is cocompact, then H is quasiconformally conjugate to a Möbius group. This same fact holds for the Heisenberg quasiconformal groups which occur as the boundary group in the complex hyperbolic case, as was proved by Chow [Ch] based on Tukia's outline, using the work of Koranyi-Reimann [KR] . We now repeat the proof given by Cannon-Cooper [CC] and Chow [Ch] . If Γ is any group quasi-isometric to Λ , hence to X = G/K , the action of Γ by a uniform group of quasi-isometries of X given in Proposition 3.1 gives an action by uniformly quasiconformal maps on ∂X . Since this action is just the (transitive) action of Γ on itself conjugated by a quasi-isometry f : Γ → X , and since nbhd C (f (Γ)) = X for some 0 < C < ∞ , the action of Γ is cocompact on X . Since the map p from the space of distinct triples in ∂X to X is compact-to-one (cf. the discussion of QI(H n ) on page 709), the action of Γ on the triple space is also cocompact. Hence we may conjugate the Γ -action to a Möbius action, which is to say to an isometric action on X . Theorem I then follows by applying Proposition 3.1 • Λ is a uniform lattice in G = Isom(QH n ), n > 1 or G = Isom(CaH 2 ) or G is irreducible with rank(G) > 1 . In these cases the quasi-isometry group of the symmetric space X = G/K , hence of Λ , equals the isometry group of X , and Theorem I follows from Proposition 3.1.
• Λ is a uniform lattice in a product
of Γ as a uniform group of quasi-isometries. The projection to each QI(X i ) gives a cocompact and uniform action, so we may apply the arguments above to each projection Γ → QI(X i ) to obtain a cocompact and discrete representation Γ → Isom(X 1 ) × · · · × Isom(X n ) with finite kernel. Note that, for H 2 factors one can apply the Convergence Groups Theorem, as above, since a uniformly quasisymmetric group on the circle is a convergence group. Alternatively, one may also use Hinkannen's Theorem [Hi] , which says that a nondiscrete, uniformly quasi-symmetric group on S 1 is quasisymmetrically conjugate to a Mobius group. We remind the reader that every quasi-symmetric map of S 1 has a quasi-isometric extension to the hyperbolic plane.
• Λ is a nonuniform lattice in G = SL 2 (R) . In this case Λ is virtually free. A proof that any group Γ quasi-isometric to a free group is almost a free group is given by Ghys and de La Harpe ( [GH] , Theorem 7.19) for torsion-free Γ . A different proof for any finitely generated Γ is given by Gersten in [Ge2] . Here is the idea of the proof in [GH] : the property of being a word-hyperbolic group, and the topological type of the boundary of a word-hyperbolic group, are easily seen to be quasiisometry invariants, hence Γ must be word-hyperbolic with Cantor set boundary, in particular Γ is finitely presented. By Stallings' theorem on ends [St] and Dunwoody's Accessibility Theorem, we may split Γ as a free product (perhaps amalgamated over finite groups) of a finite number of subgroups with 0,1, or 2 ends. It is easy to check that each of these subgroups is quasiconvex in Γ , hence is word-hyperbolic. Since ∂Γ is a Cantor set, and since each of these subgroups is a word-hyperbolic group whose boundary embeds into ∂Γ , the case of one end cannot occur. But groups with 0 ends are finite, and groups with 2 ends are virtually cylic, so Γ is a free product of finite and virtually cyclic groups, perhaps amalgamated over finite groups. Hence Γ is virtually free.
• Λ is nonuniform, irreducible in G = SL 2 (R) . As in Proposition 3.1, we may conjugate the left action of Γ on itself by the quasi-isometry q : Γ → Λ to get a homomorphism ρ :
The same arguments as in the proof of Proposition 3.1 show that ρ(Γ) is discrete, ρ has finite kernel, and ρ(Γ) acts cocompactly on Ω . This last fact shows that ρ(Γ) acts on X with cofinite volume.
Proof of Theorem II.
As noted above, a quasi-isometry q : Γ 1 → Γ 2 induces an isomorphism q * : QI(Γ 1 ) → QI(Γ 2 ) of topological groups. Suppose Λ 1 , Λ 2 are two irreducible lattices in semisimple Lie groups G 1 , G 2 , and that Λ 1 is quasi-isometric to Λ 2 . By Theorem I, we may (perhaps by replacing Λ 1 by an extension of Λ 1 by a finite group) assume that Λ 1 and Λ 2 are both lattices in G 2 . By the computations of quasi-isometry groups of lattices presented in §2, it follows that Λ 1 is uniform if and only if Λ 2 is uniform. Alternatively, as noted in [Ge2] , a uniform lattice in G 2 cannot be quasi-isometric to a nonuniform lattice in G 2 : By Block-Weinberger [BW] and Gersten [Ge1] , virtual cohomological dimension is a quasi-isometry invariant for groups with finite classifying space, and this dimension is different for uniform and nonuniform lattices in the same semisimple Lie group (see, e.g. [Br] , Remark 4, p.217). Now if each Λ i is uniform in G 2 , then by the observation of Milnor-Svarc each Λ i is quasi-isometric to G 2 , hence to each other. If each Λ i is nonuniform, then by the computations of quasi-isometry groups of lattices presented in §2, Λ 1 and Λ 2 are commensurable unless G = P SL 2 (R) , in which case each Λ i is virtually free.
Some questions
We state here three problems concerning quasi-isometries in the context of lattices and symmetric spaces.
Problem A : Every nonuniform lattice in P SL(2, R) contains an n -generator free group F n , n > 1 of finite index. The group QI(F n ) may be identified with the group of quasi-symmetric maps of the Cantor set ∂F n . Is it true that any uniform group of quasi-isometries of F n , perhaps with an extra cocompactness assumption, is conjugate by a quasi-isometry to a group of isometries of F n (here we think of F n as a regular tree of valence 2n )? This would imply a proof of Theorem I for free groups which doesn't use Stallings' theorem on ends, and which is similar in spirit to the proof of Theorem I in the case of H n , n>2, as follows.
Once we have that our group Γ quasi-isometric to F n is conjugate to a group of isometries of F n , we are done, since Isom(F n ) is an extension by F n of the stabilizer in Isom(F n ) of a point x ∈ F n , which is a profinite group, hence compact.
A related question: since most elements of QI(F n ) do not come from elements of P SL 2 (R) , in particular QI(F n ) is much bigger than the commensurator group of any lattice in P SL 2 (R) . Does QI(F n ) equal the abstract commensurator of F n ?
The following two questions seem to be well-known. Some recent progress on them has been made by Kleiner-Leeb (personal communication) .
Problem B :
Let X and Y be symmetric spaces of noncompact type. Find necessary and sufficient conditions for X to admit a quasi-isometric embedding into Y . One obstruction for such an embedding should be that rank(X) ≤ rank(Y ) . Pansu's conformal dimension gives another obstruction in the rank one case (see [Gr2] ). But there are also some surprising embeddings, for example H 3 quasi-isometrically embeds in H 2 × H 2 (see [BF] ).
Problem C : Suppose X quasi-isometrically embeds in Y . If X is not a real hyperbolic space, is it true that every such embedding lies in a bounded neighborhood of an isometric embedding? Note that the usual bending constructions as in [Th, JM] give quasi-isometric embeddings H m → H n , n > m > 1 whose image does not lie in a bounded neighborhood of an isometric embedding. Further note that superrigidity does not necessarily preclude the existence of "exotic" quasi-isometric embeddings of higher rank symmetric spaces.
